A new family of eighth order optimal methods is developed and analyzed. Numerical experiments show that our family of methods perform well and in many cases some members are superior to other eighth order optimal methods. It is shown how to choose the parameters to widen the basin of attraction.
Introduction
There are many multistep methods for the solution of nonlinear equations, see e.g. Traub [1] , and the recent book by Petković et al. [2] . The idea of optimality in such methods was introduced by Kung and Traub [3] who also developed optimal multistep method of increasing order. For example, the fourth-order optimal method given in [3] 
Based on this method Chun and Neta [4] constructed and analyzed the sixth order method 
In this paper we will use the idea of weight function to develop a family of optimal eighth order methods and show how to choose the parameters to obtain the best basins of attraction. We consider here a generalization of the Chun-Neta sixth order scheme (2) . The new family is constructed using the idea of weight functions. The multistep method is given by and HðrÞ; JðtÞ; PðqÞ are real-valued weight functions to be determined later.
For the method defined by (3), we have the following analysis of convergence.
Theorem 2.1. Let n 2 I be a simple zero in an open interval I of a sufficiently differentiable function f : I ! R. Let e n ¼ x n À n. Then the new family of methods defined by (3) is of optimal eighth-order when Hð0ÞJð0ÞPð0Þ ¼ 2; 
so that, after elementary calculation,
An easy calculation then produces 
We now expand Hðr n Þ; Jðt n Þ; Pðq n Þ into Taylor series about 0 to obtain (11), (16) and (17) we obtain
Therefore, from (13) , (15) 
It is easy to see that
, and d ¼ 1 À 2g. Substituting these values in H; J and P, we have 
This family of methods is denoted by OM. Since we only use the product HðrÞJðtÞPðqÞ, it is easy to see that Aa cancels out.
Thus we have the 3 free parameters g; c and C. This family is denoted OMN. Clearly OM is a special case since it has a specific choice of g and C.
In the next section we give a comparative numerical study of several members of our families OM and OMN as well as other well known optimal eighth order methods. We will also discuss the basins of attraction of our families.
Numerical examples
In this section we present some numerical experiments using our newly found methods and compare these results to other schemes. All computations were done using MAPLE using 128 digit floating point arithmetic (Digits :¼ 128). Given an initial guess x 0 we decide that the method converges if the sequence fx n g generated by the iterative method has a residual jf ðx n Þj less than a tolerance ¼ 10 À25 in a maximum of 100 iterations, otherwise we consider the method to be divergent. We used the following test functions and display the approximate zero x Ã found up to the 28th decimal places.
Index
Test 
Compared to our methods OM and OMN with various parameters we have taken the following methods Kung-Traub eighth-order method (KT8) [3] defined by
The method based on Kung-Traub optimal fourth-order method and Hermite interpolating polynomial (HKT8) [2] 
where H 0 3 ðs n Þ ¼ 2ðf ½x n ; s n À f ½x n ; y n Þ þ f ½y n ; s n þ y n À s n y n À x n ðf ½x n ; y n À f 0 ðx n ÞÞ: ð23Þ
The method based on Kung-Traub optimal fourth-order method and Hermite interpolating polynomial replacing the function (HKN8) [5] y where
An eighth order (N8) optimal method proposed by Neta [6] and based on King's fourth order optimal method [7] with b ¼ 2 given by Table 3 The parameters for each member. The first 2 belong to OM and the last 6 are OMN members. where
A weight function based eighth order (WM8) optimal method [2] (using the fourth order Maheshwari's method [8] ) given by 
where / is an arbitrary real function satisfying the conditions /ð0Þ ¼ 1; / 0 ð0Þ ¼ 2; / 00 ð0Þ ¼ 4; / 000 ð0Þ ¼ À6:
We have taken a ¼ 1 and In Table 2 we also presented the results for our methods OMN1 (case 3, see Table 3 ), OMN2 (case 4), OMN3 (case 5) and OMN6 (case 8). The number of iterations IT required to converge is given along with the value of the function at the last iteration f ðx Ã Þ. It can be observed that for most of the considered test functions our methods show as good performance as the other methods in their convergence speed and also have reasonable smallness of the residuals. In fact, in one case (f 8 ) our methods converged even though WM8 diverged. We also found that in that example OMN6 diverged even though the other methods converged. We will show later that OMN6 is not a good choice. Therefore we can conclude that the new methods (OM1, OM2, OMN1-OMN3) are competitive with other eighth-order schemes being considered for solving nonlinear equations. In the next section, we analyze the basin of attraction of our eighth order family of methods to find out what is the best choice for the parameters. The idea of using basins of attraction was initiated by Stewart [9] and followed by the works of Amat et al. [10] [11] [12] [13] , Scott et al. [14] , Chun et al. [15] , Chicharro et al. [16] , Cordero et al. [17] , Neta et al. [18] and Chun et al. [19] . The only papers comparing basins of attraction for methods to obtain multiple roots is due to Neta et al. [20] and Neta and Chun [21] [22] [23] .
Basins of attraction
In this section we give the basins of attraction of various members of the families OM and OMN. The 8 members are listed with their parameters in Table 3 . The first 2 cases are of OM type and the last 6 cases are of OMN type. The first 2 cases were chosen so that we annihilate two terms in the error constant. The first of those was arbitrarily picked. In order to understand the choice of the parameters in the other cases we discuss the extraneous fixed points. In solving a nonlinear equation iteratively we are looking for fixed points which are zeros of the given nonlinear function. Many multipoint iterative methods have fixed points that are not zeros of the function of interest. Thus, it is imperative to investigate the number of extraneous fixed points, their location and their properties. In the family of methods described in this paper, the parameters g; c, and C can be chosen to position the extraneous fixed points on or close to the imaginary axis. This idea is due to Neta et al. [18] where they have shown an improvement in King's method by choosing the parameter that will position the extraneous fixed points on the imaginary axis. The second case was chosen so that we also have the extraneous fixed points as close as possible to the imaginary axis. Similarly, in the next 5 cases we have chosen the extraneous fixed The eighth order family of methods discussed here can be written as
where Clearly the root n of f ðxÞ is a fixed point of the method. The points a -n at which H f ðaÞ ¼ 0 are also fixed points of the family.
We have searched the parameter space and found that there are no point on the imaginary axis, but there are 5 cases with the smallest real part (these are denoted cases 3-7). To convince that this is a good choice we have taken a case where the real part of the extraneous roots is the largest (case 8). In Table 4 we have listed the number of extraneous fixed points (EFPs) and range of absolute value of the real parts of the EFPs for each case.
Example 1. In our first example we have used the polynomial z 2 À 1. The basins of attraction are given in Figs. 1-6 . All the results are good. The best one is case 5 (Fig. 5) and the worst is case 3 (Fig. 3) . The difference is barely noticeable. One can see it only when computing the average number of iterations per point (see Table 5 .) All cases require between 3.1 and 3.3 iterations per point. Notice that cases 6 and 7 were not shown since we found that they yield identical results to cases 3 and 4, respectively. The basins are given in Figs. 7-12. In this case the best performer is case 4 (Fig. 10 ) and the worst is case 8 (Fig. 12) .
Example 3. In our third example we have taken the polynomial
The basins are given in Figs. 13-18 . Again the best performer is case 4 (Fig. 16 ) and the worst is case 8 (Fig. 18) . In this example the best is case 5 (Fig. 23 ) and the worst is case 1 (Fig. 19) .
Example 5. In our last example we have taken the polynomial whose roots are AE1; AEi; À1 þ i, and 1 À i. The basins are given in Figs. 25-30 . The best is case 3 (Fig. 28 ) and the worst is case 8 (Fig. 30 ).
Based on Table 5 , the best case overall is case 4 for which g ¼ À4 and C ¼ c ¼ 0 and the worst is case 8 for which g ¼ 2:9 and C ¼ c ¼ À4. In general cases 3-5 (OMN) are better than cases 1-2 (OM). Case 8 is also OMN but there we picked parameters that lead to largest (in absolute value) real part of the extraneous fixed points. On the other hand, cases 3-5 have the smallest real part.
Remarks.
(1) Note that cases 3 and 6 yield identical results. Similarly cases 4 and 7 are identical. For this reason, we have not shown the results for cases 6 and 7. (2) Out of the first 2 cases, were we annihilated two terms in the error constant, the best is case 2 were we also chose the extraneous fixed points to be closest to the imaginary axis.
Conclusions
In this paper we have developed a new family of optimal eighth order iterative method. The scheme is optimal in the sense that it satisfies the Kung-Traub conjecture. We have compared several members of our family to existing optimal eighth order schemes and found that some members of our family are competitive. We have shown how to choose the parameters of the family to find the best members by evaluating all the extraneous fixed points. We have shown that the best members have extraneous fixed point close to the imaginary axis. One member (case 8) for which this is not true was the worst perform.
